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SEMI-WAVE AND SPREADING SPEED FOR THE DIFFUSIVE 
COMPETITION MODEL WITH A FREE BOUNDARY 


YIHONG DUt, MINGXIN WANG^ AND MAOLIN ZHOU§ 


Abstract. We determine the asymptotic spreading speed of an invasive species, which 
invades the territory of a native competitor, governed by a diffusive competition model 
with a free boundary in a spherically symmetric setting. This free boundary problem 
was studied recently in [S], but only rough bounds of the spreading speed was obtained 
there. We show in this paper that there exists an asymptotic spreading speed, which 
is determined by a certain traveling wave type system of one space dimension, called a 
semi-wave. This appears to be the first result that gives the precise asymptotic spreading 
speed for a two species system with free boundaries. 


1. Introduction 


The main purpose of this paper is to determine the asymptotic spreading speed of 
an invasive species, which invades the territory of a native competitor, according to the 
following diffusive competition model with a free boundary in {N > 1), in a spherically 
symmetric setting: 



( 1 . 1 ) 


where r = |a;|, AU = Urr + r = H(t) is the moving boundary to be determined, 

Hq, fi, di, Uj, bi and q {i = 1, 2) are given positive constants, and the initial functions Uq 
and Vq satisfy 



( 1 . 2 ) 


In this model, the hrst species (f/), which exists initially in the ball {r < Hq}, invades 
into the new territory through its range boundary {r = H{t)} (the invading front), which 
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evolves according to the free boundary condition H'{t) = where /i is a 

given positive constant. The second species {V) is native, which undergoes diffusion and 
growth in the entire available habitat (assumed to be here). The constants di and 62 
are the diffusion rates of U and V, respectively, ai and 02 are the intrinsic growth rates, 
61 and C2 are the intraspecihc and Ci and 62 the interspecihc competition rates. 

Problem fll.ll) has been studied in [S] recently. It is shown in [S] that, if 1 / is an inferior 
competitor, characterized by 


(1.3) 


Oi 

— < min 
02 


&2’C2J ’ 


then the invasion of 1/ always fails, in the sense that 


lim (U(t,-),V(t,-)) 

t—>‘+oo 



in T“([0,+oo)). 


On the other hand, if t/ is a superior competitor, namely. 


( 1 . 4 ) 


Cli 

— > max 
02 


&2’c2i ’ 


then the fate of the invasion of U is determined by a spreading-vanishing dichotomy: 
Either 

(i) {Spreading ofU). \imt^+ooH{t) = -Foo and lim^^+oo {U{t,r),V{t,r)) = oj 
uniformly in any compact subset of [0, cx)); 


or 

(ii) {Vanishing ofU). \imt^+ooH{t) < -Fcx) and limj^+oo \\U{t, •)||c([o,H(i)]) = 0 , 
hmi_,.oo V{t,r) = ^ uniformly in any compact subset of [ 0 , cxd). 

Sharp criteria for spreading and vanishing of U are given in [8] (see Theorem 4.4 there). 
In particular, under the condition fll. 4 p . if Hq is greater than a certain number determined 
by an eigenvalue problem, then spreading of U always happens. However, when spreading 
of U happens, only rough estimates for the spreading speed of the invading front {r = 
H{t)} are obtained in [8]. Indeed, determining the precise spreading speed for population 
systems with free boundaries has been a difficult problem in general, and this paper 
appears to be the first to provide a positive answer to this question. 

Without a native competitor in the environment (namely in the case H = 0 ), fll.ip 
reduces to a free boundary problem for U considered in | 1 ], which extends the earlier 
work from one space dimension to the radially symmetric higher space dimension 
case. In these relatively simpler situations a spreading-vanishing dichotomy is known, 
and when spreading happens, the spreading speed has been determined through a semi¬ 
wave problem involving a single equation. More general results in this direction can 
be found in [3 El El M [la [la ED], where [3 ED] considers time-periodic environment, 
[6] studies space-periodic environment, 13 II3 Il2l ES] investigates more general reaction 
terms. In all these cases, the spreading speed has been established, and sharp estimates 
of the spreading prohle and speed can be found in [13 ED]- contrast, the research for 
systems with free boundaries has been less advanced, due to the extra difficulties arising 
in the system setting. In [3 E3 E3 123 EH]; various two species competition models with 
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free boundaries have been studied, and [211 ESI EE] have considered two species predator- 
prey models with free boundaries. However, the question of whether there is a precise 
asymptotic spreading speed has been left open in [El HEl UHl EH E21 ESI ESI EE]- 

Before stating our results, we hrst employ the standard change of variables to reduce 
fll.ip to a simpler form. Set 



ni&2 , CI 2 C 1 
a := —0 := -. 


di fli CLi 

d-= r := —, n := 

(12 0-2 01(32 


0-2^1 (3iC2 

Then a simple calculation shows that (11.11) is equivalent to 


/i. 


( 1 . 6 ) 


with 


^ Ut — dAu = ru{l — u — bv), 

Vt — Av = n(l — V — au), 

Ur{t, 0) = Vr{t, 0) = 0, u{t, r) = 0, 

h'{t) = —flUr(t,h(t)), 

h{0) = ho,u{0,r) = Uo{r), 
v{0,r) = Vo{r), 


ho ■= uo{r) = —Uo 

y dj 2 



t > 0 , 0 < r < h{t), 
t > 0, 0 < r < cx), 
t > 0, hit) < r < CX), 
t > 0, 

0 < r < ho, 

0 < r < CX), 


Vo{r) = — Vo 
(32 



Let us note that under these transformations, (II.dh is equivalent to 


a < 1 < 6, 


and (II.4p is equivalent to 

a > 1 > 6. 

Moreover, the spreading-vanishing dichotomy of [8] shows that, for the case a > 1 > 6, 
either 

(i) {Spreading ofu). limt^+oo h(t) = -|-cx) and limi^+oo [u{t,r),v{t,r)) = (1, 0) uni¬ 
formly in any compact subset of [0, cx); or 

(ii) {Vanishing ofu). limi^+oo h(f) < -1-x and limi^+oo ||m(L OUcdo.ftp)]) = 0, 
linp_,.oo ^(f, r) = 1 uniformly in any compact subset of [0, cx). 

From now on, we will only consider the simplihed version fll.Sp . The main result of this 
paper is the following theorem. 


Theorem 1.1. Suppose that a > 1 > b, 

(1.6) liminf no(L) > 0, 

r^+oo 


and spreading of u happens for fll.51) . Then there exists a unique > 0 such that 

h{t) 


lim 

t —^~1“00 


= s. 


Moreover, s^ is strictly increasing in ji and 

So := lim Sn < -|-x. 

11^+00 



















4 


Y. DU, M.X. WANG & M. ZHOU 


We will show that sq is the minimal speed of the traveling waves for competition systems 
considered by Kan-on in [19] . More precisely, by a suitable transformation, we can apply 
the result of [IHl Theorem 2.1] to the problem 

r s<h' - <l>" = $(1 - $ - aT), d)' < 0, ■C ^ K, 

(1.7) i sT'- dT" = r\l'(l - T - fed)), T'> 0, ^ G M, 

l(«l>,v]/)(-oo) = (l,0), («l>,v[/)(oo) = (0,l) 
and obtain the following result. 


Proposition 1.2. Suppose that a > 1 > b. Then there exists a constant 

So e 2 ^/rd{l — b),2'/^ 

such that problem (nai has a solution when s > Sq and it has no solution when s < Sq. 

The number sq is called the minimal speed of fll.7p . 

Proof. If we dehne 


u(0 := T I e , ^(0 := 




and ^ ^ 

d := -, b := -, c := br, d s := ■ 

r r d 

then a direct computation shows that fll.7p is equivalent to 
u” + su' P u{l — u — cv) = 0, m ' > 0, 
dv” + sv' -f v{d — — u) = 0, v' < 0, 


y/dr^ 




(u, U)(-CX)) = (0, a), (m, u)(-Fcx)) = (1, 0). 


( 1 . 8 ) 

Clearly 

a > 1 > 6 is equivalent to d < min{6,1/c}. 

Hence the conclusions follow directly from Theorem 2.1 of [T9|, and the strong maximum 
principle for cooperative systems. We note that the original conclusions in [19] do not 
include u' > 0 and v' < 0; they only state that u is nondecreasing and v is nonincreasing. 
However, by the strong maximum principle applied to the system satished by the pair 
(«', —v'), one immediately obtains u' > 0 and u' < 0. □ 

The value s^ in Theorem 11.11 is determined in the following result. 

Theorem 1.3. Assume that a > 1 > b, and Sq is given in Proposition \l .tA Then the 
problem 

' sp' — ip" = — p — af}) (V.^ e R), 

sf}' — dtjj" = r'0(l — Ip — bp) (V.^ > 0), 
p{—oo) = 1, p' (V.^ G R), </9(-(-cxo) = 0, 

^-0 = 0 (V.^ < 0), 0' > 0 (V.^ > 0), 0(-l-cxo) = 1, 

has a unique solution {p,'ip) G C'^(R) x [C'(R) fl C^([0,cx)))] for each s G [0,So), and it 
has no such solution for s > sq. Furthermore, if we denote the unique solution by (psT^ps) 
(s G [0,so)), then the following conclusions hold. 


(1.9) 
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(i) -(/O < Si < S 2 < So, then 

<(0) > <(0). V>.,K) > MO (V? > 0), MO < MO (Vf € R). 

(ii) The operators i—)■ {ipsi'^s) is continuous from [0,So) to x C;oc([0, +oo)). 

Moreover, 

= (1,0) in x +cx))). 

(iii) For any /i > 0, there exists a unique s = s^ E (0, Sq) such that 

Moreover, 

jjL Mf Sfj, is strictly increasing and lira s^ = sq. 

fi—>-+oo 

For each s G [0, Sq), the solution pair {ips, ips) in Theorem II.31 generates a traveling wave 
{u(t, x),v(t, x)) := {ipsist - x), ips{st - x)), 

which satishes 

{ Ut — duxx = ru{l — u — bv), t > 0, —oo < x < st, 

Vt — Vxx = h(l — V — au), t > 0, x E 

u{t, x) = 0, t > 0, st < x < + 00 . 

We note that when s = s^, one has the extra identity 

S = — jXUx(t, stf 

We will call the semi-wave associated to fll.Sp . 

The methods developed in this paper can be extended to treat the strong competition 
case (namely the case min{a, 6} > 1), which will be considered in a separate paper. 
Without the assumption (II.6p . the conclusion of Theorem 1 1.1 1 need not be true; see Remark 
13.51 for details. Note also that the proof of Theorem 11.11 provides estimates on the prohle 
of u{t,x) and v{t,x) for large t, showing that they behave like a pair of semi-wave; see 
Remark 13.41 

It is interesting to note that, the approach in this paper, namely making use of the 
semi-wave to determine the spreading speed of the free boundary model (II.bh . is rather 
different from the approaches used for spreading governed by the Cauchy problem of two 
species reaction diffusion systems, where the spreading speed is usually determined by 
very different methods. We list two examples below. 

In [18], the spreading speed of an invasive species into the territory of an existing com¬ 
petitor, determined by the corresponding Cauchy problem of (11.51) in one space dimension, 
is established by an approach developed in [2l| (see also references therein), which does 
not depend on the existence of a corresponding traveling wave. 

In [HI, the invasion of a predator to the territory of a prey species was investigated, 
where the interaction and growth of the species are governed by a Holling-Tanner type 
predator-prey system of the form 

Ut — dAu = u{l — u) — n(M)u, X E f > 0, 

Vt — Av = ru (l — ^) , X E t > 0, 

■u(0,a;) = uo{x), u(0,a;) = vo{x), x E 


( 1 . 11 ) 
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with 

1 > Uo{x) > S > 0, 1 > ^0(2:) > 0 {Wx e M^). 

Moreover, as usual, it is assumed that Vq has nonempty compact support. Under suitable 
conditions for the function !!(«), it is shown in [T3] that the predator species v invades 
at the asymptotic speed c* = 2 ^/r. In space dimension iV = 1, more accurate estimate 
of the spreading speed is obtained, and the existence of an almost planar “generalized 
transition wave” (see m is established. Again, these results are proved without knowing 
the existence of a corresponding traveling wave. Indeed, whether the generalized transition 
wave mentioned above is actually a traveling wave is still an open problem. 

The rest of this paper is organized as follows. In Section 2, we prove Theorem 11.31 
which relies on Proposition 11.21 some subtle constructions of comparison functions, and 
a sliding method. Section 3 gives the proof of Theorem II.![ based on Theorem 11.31 and 
suitable comparison arguments. 


2 . Semi-wave solutions 


This section constitutes the proof of Theorem 11.31 We will accomplish this by a series 
of lemmas. The hrst is a comparison principle. 


Lemma 2.1. {Comparison principle) Let f,g& C'([0, +cxd)) with g nonnegative and not 
identically 0, and s,d be given constants with d > 0. Assume that Ui G ^^([O, 00)), and 
satisfies ufix) > 0 in (0, cxd), Mi(0) < ^2(0) and 


su'i — du'[ - 

tc—>CXD ^ 2 ^^) 


- Ui [f{x) - g{x)ui\ < 0 < SU2 - du'2 - U2 [f{x) - g{x)u2\ 
< 1, then 

Ui{x) < U2{x) (fi/x > 0). 


ifi/x > 0 ). 


Proof. For any small constant 5 > 0, (1 -|- 5 )u2 satishes the same differential inequality as 
U 2 , and we may apply Lemma 2.1 of over [0, Lf\ to deduce that ufix) < (1 + 5 )u2{x) 
for X G [0, L5], where > 0 satishes 

(1 5 )u2{Ls) > ui{Ls), YmvLs = -Foo. 

5^0 


The required inequality then follows by letting <5 —)• 0. □ 

To motivate our dehnition of s* below, we note that if s > 0 and {p, fi) is a solution of 
fll.gp . then 


Fi{p,m) 

F 2 {p,m)- 


. _ 

p'iO 

- b^iO] + 

^'(0 


(ve G M), 

(ve > 0 ). 


We now use Ki to denote the set of functions p G C'^(M) satisfying 


(p(-oo) = 1, (p'(0 < 0 (V^ G M), (p(-l-cx)) = 0, 
and let K 2 denote the set of functions if G U(M) fl C^([0, 00)) such that 

m = 0 (ve < 0), if'iO > 0 (ve > 0), ifi+oo) = 1. 
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Define 

K = e e 7^2}. 

For (<y9, -0) G K, we set 


F{ip,^/J) = minjinf Fi(v 7,V')(0, jnf • 

^>U J 

Clearly, if (93,1/’) is a solution of fll.9p with s > 0, then (97,1/') ^ K and F[lp,%Ij) = s. 
Therefore 


S < S* ■.= sup F((y 9 , ' 0 ). 

(v5,y)GA 

We can thus conclude that, if s* is hnite, then fll.9p has no solution when s > s*. From 
the dehnition of s*, we can use a super- and sub-solution argument to show that (11.91) has 
a solution for every s G [0, s*). We will also show that s* = Sq, and fll.91) has no solution 
for s > So. Throughout the remainder of this section, we will always assume 


a > 1 > 6. 


We hrst prove 


Lemma 2.2. s* > Sq. 

Let ($0, To) be a solution of fll.7p with s = Sq. The proof of Lemma YI72\ depends on 
an asymptotic analysis of Tq. 


Lemma 2.3. 

lim = B ■= 

x^-oQ 'Fo(t) ^ 2 d 

Moreover, as x ^ — 00 , 

(i) in the case Sq > 2 ^yrd{l — b), 

'l/o(x) = coe^^^il + 0(1)) for some cq > 0 , 

(ii) in the case Sq = 2 ^Jrd{l — b), 

To(x) = CQe^^^{l + 0(1)) or To(x) = co|x|e^^'^(l -|- o(l)) for some cq > 0 . 


Proof. A simple calculation indicates that the ODE system satished by (<Fo, Tq, Tq, Tq) 
has (1, 0, 0, 0) as a critical point, which is a saddle point. It follows from standard theory 
on stable and unstable manifolds (see, e.g.. Theorem 4.1 and its proof in Chapter 13 of 
0), that 1 — $0(3;) and To(x) converge to 0 exponentially as x —)• — 00 . 

We may rewrite the equation satished by Tq in the form 

(2.1) d% - SqTo -h r(l - 6)To + e(x)To = 0, 


with 

Clearly 


e(x) := rb{l — <ho(a^)) — 'rTo(x) —)• 0 exponentially as x ^ — 00 . 


Ui := e 




U2 := 


So > 2 ^/rd(T^M)), 

_Xg/3ia;, ^ 2^yrd{l — b), 
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are linearly independent solutions of the linear equation 

du" — Sou' + r(l — b)u = 0, 

where 

O ^ So - ^/sl-ird{l-b) ^ 

h -- Yd -- 

We are now in a position to apply to fl2.ip Theorem 8.1 in Chapter 3 of [3] (for the 
case /9i ^ ( 32 ), or a variant of this result (see Question 35 in Chapter 3 of or Theorem 
13.1 in Chapter X of |T^, for the case (3i = ( 32 ), to conclude that fl2.ip has two linearly 
independent solutions Ui, i = 1,2, satisfying 

Ui{x) = (1 + o(l))Mj(a;), u'i{x) = (1 + o(l))-u'(a;) as a; —)■ —oo, i = 1,2. 

Since Tq solves fl2.ip . there exist constants ci and C 2 such that 

To(x) = Ci-Ui(x) + C2U2{x). 

From \l/o(x) > 0 and /9i > /52 > 0 we deduce that either 

(i) C2 > 0 or (ii) C2 = 0 and ci > 0. 

If So > 2^Jrd{(l — b), according to the proof of Theorem 2.1 in [19] (see page 163 there), 
we have 

limsup{\['o(a;)e“^^^} < +oo, 

X—>■ —OO 

which implies that, in such a case, C2 = 0 and Ci > 0. We can thus conclude that, in the 
case So > 2^,/rd{l — b), there exists cq > 0 such that 

(2.2) To(a;) = coMi(a;)(l + o(l)), To(x) = coMi(a;)(l + o(l)) as x -)• -oo, 
and in the case So = 2^yrd{l — b), there exists Cq > 0 so that, as x ^ —oo, 

(2.3) To(x) = CoMi(x)(l + o(l)), To(x) = CoMi(x)(l + o(l)), or 

(2.4) To(x) = con2(a;)(l + o(l)), To(x) = cqu' 2 {x ){(1 + o(l)). 

The conclusions of the lemma are direct consequences of 02 .21) . 02.31) and 02.41) . □ 

Proof of Lemma l2.21 For arbitrarily small e > 0, we are going to construct a function 
pair [ip, p) E K such that 

{so-e)p'-p” >p{(l-p-a'^, ^ G M, 

(so — e)p' — dp" < rp{l — p — bp), ^ G (0, oo). 

Clearly this would imply s* > F{p, p) > Sq — e. Since e > 0 is arbitrary, the required 

estimate s* > sq then follows. 

Fix e G {0,rb/(3i), where, as before, (3i = ^ view of the asymptotic 

behavior of (<Fo, 4/o) and Lemma [2.31 there exists a constant Mq < 0 such that 

(2.6) > ^(3i, max {l - <Fo(x), To(x)} < min |^, 1 - &| (Vx < Mq). 

Step 1 : We construct {p, p) that satisfies, in the weak sense, 

(2.7) (so — ^)P>' — 3p" > p{l — p — ap) for x G M, 


( 2 . 5 ) 





















SEMI-WAVE AND SPREADING SPEED FOR THE COMPETITION MODEL 


9 


(2.8) (sq — — dxlj” < r'0(l — ijj — bip) for x satisfying > 0, 

and moreover, 

(p{x) is nonincreasing, 'ip{x) is nondecreasing, 

(,p(+oo) = 0, '0(+cx)) = 1, (^(—cx)) = 1, 'ip{x) = 0 for all large negative x. 

The required (0, 'ijj) will be obtained in Step 2, by solving two natural parabolic problems 
with (f and 0 as initial functions, respectively. 

Let Mo be given in fl2.6p . We temporarily define 0 := $0 + eip, with p{x) determined 
as follows. _ 

p{x) := e 2 * for x < Mq — 1; p{x) := 0 for x > Mq, 

and for x G (Mq — l,Mo), p{x) > 0, p'{x) < 0. Moreover, p{x) is everywhere. The 
positive constant ei will be determined below. Later on, we will modify (p{x) for large 
negative x. 

We now calculate 

g (so - e)(p' - p" - 0(1 - 0 - aTo) 

= -e<l)'o + ei [(so - e)p' - v" + p(-l + 2<ho + MP + a^o)] • 

Hence we can fix ei > 0 sufficiently small so that, for x G [Mq — 1, Mq], 

(2.10) (so — e)(p' — (p” — 0(1 — 0 — aTo) > 0 


and 

(p'{x) = $o(x) + eip\x) < 0, 0(x) = <ho(a:) + eip(x) < 1. 

By the definition oip{x) for x < Mq —1, clearly <p\x) < 0 for x < Mq —1, and 0(x) —>■ +cxo 
as X —)■ — CX3. Hence there exists a unique constant Mi < Mq — 1 such that 


(p(Mi) = + eip(Mi) = 1. 


In view of fl2.6ll . we have 

(2.11) eip(Mi) = 1 — (piMi) < and hence eip(x) < for x G [Mi,Mo]. 

4ro 4ro 

Let ei and Mi be chosen as above. We dehne 

(2.12) ( r4„(a:)+e.p(a:),i>M., 

^ ^ ^ I 1, X < Ml. 

Clearly 0 < 0(x) < 1 for all x. We also dehne 

0(x) = 4/o(x) for X > Ml, 


and suppose 0(x) > 0 for x < Mi (with the exact dehnition of 0 in this range to be 
specihed later). 

We show next that (0,0) satishes (12.7p . For x > Mq, this is obvious, since (0,0) = 
(•ho, To) in this range. For x G [Mq — 1, Mq], this has been proved in fl2.10p . For x < Mi, 
it also holds trivially since 0 > 0. We now examine it for x G [Mi,Mo — 1]. Firstly, we 
note that 0 is except a jumping discountinuity of 0'(x) at x = Mi, where we have 


ip'{Ml — 0 ) = 0 > ip'{Ml + 0 ), 
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which is the right inequality for the required differential inequality in the weak sense. For 
X G (Ml, Mo — 1), by the choice of Mq, we have $0(21) > 1 — Hence, for such a:, 

(so - e)p' - p” + p{-l + 2<Fo + eip + a^o) > Sqp' - / + = 0. 

Therefore we can apply fl2.9p to deduce 


(so — e)p — (f" — (p(l — (p — aTo) > 0 for x G (Mi, Mq — 1]. 


We have thus varihed that {(pi'ip) satishes (in the weak sense) fl2.7p . Moreover, from 
the dehnition, we also see that (p is nonincreasing. 

Next, we show that i/>(a;) can be suitably dehned for x < Mi such that (12. 8 p is satished. 
For X > Mo, this inequality follows from the fact that (<^, -0) = ($0, d^o)- For x G (Mi, Mq], 
due to (12.lip and (12.61) . we have 

+ rbeip{x) < < 0 


and 


(■So - e)To 




rTo(l - d'o - bp) 


=-eT'o + rTofeeip < --(3i + rbeip{x) 


To < 0. 


Thus (12. 8 p is satished by (<^, Vi) for x > Mi. 

Next we dehne 'ip{x) for x < Mi so that (12.8p is satished by {p, 'ip) for x < Mi. We will 
treat the cases Sq > 2 ^yrd{l — b) and Sq = 2 -^rd(l — b) separately. 

Case 1: so > 2-^rd(l — b). 

In this case, we assume further that e > 0 is sufficiently small so that 




(so - e) + ^(-50 - e)^ - 4dr(l - b) 
2 d 


We are going to choose a constant 62 > 0 and a function q{x) such that 


i){x) := To(x) - e2q{x) 


meets all the requirements. 
We dehne 


q{x) := 0 for a; > Ml, q{x) := for x G (— 00 , Mi — 1), 

and for x G [Mi — 1, Mi], we dehne q{x) so that q{x) > 0, and q{x) is everywhere. 
Since (3^ < (di, by Lemma 12.31 we can hud M^ < Mi — 1 such that 

Tq(x) > /5eTo(a;) for x < M^. 

It follows that, for x < M^, 

(2.13) pj'ix) = To(a;) - e2q'{x) > (3e^o{x) - e2Mx) = f3epj{x). 

We now hx 62 sufficiently small such that, for x G [M^, Mi], 

^^{x) > 0 , 'tp'{x) > 0 , 
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and 

(so — — dtlj" — r'lpll — — b(p) 

= r6\I/o(l - d>o) - e\I/Q + €2 [(e - So)g' + dq" + rq{l - 2\I/o + € 2 ? - b)] 
< -f Ad'o + ^2 [(e - So)q' + dq" rq{l - b)] < 0. 

Here in deriving the second last inequality, we have used (12.61) and 

- 211^0 + ^2q < -'tp <0. 


Thus (12.81) is satished by for x > M^. 

Due to (3e < (3i, from Lemma [23] we easily deduce 

Mm H^ = 0. 


x—>-—co g 


/3eX 


It follows that 


'ip(x) = e 


— 


To(a;) 




- £2 


< 0 for all large negative x. 


Since > 0, by continuity there exists M 2 < such that 

' 0 (M 2 ) = 0 , 'ijj{x) > 0 for a; e (M 2 , M^j, 

which implies —2'0o + ^ 2 q < —‘2'ip < 0 for such x. By the dehnition of q{x), we have 


(e — So)q' + dq" + rg(l — 6) = 0 for a: < Mi — 1. 


Thus for X G (M 2 , M^j, we have 

(so — — dtp" — rtp{l — tp — b(p) 

< -f/ 3 iTo + €2 [(e - So)q' + dq" + rq{l - b)] 

= -|A^o < 0. 

We have thus proved that (12.8p is satished by {(p,tp) for x > M2. Moreover, 

tp{x) > 0 for a; > M2, tp{M2) = 0. 

By the choice of €2 and the dehnition of tp, we already know that tp'{x) > 0 for x > M^. 
By (I2.13p . we deduce tp'{x) > 0 for a: e (M 2 , Mj. Hence 

tp'{x) > 0 for a: > M2. 


We may now dehne 

tp{x) = 0 for X < M 2 , 

and conclude that {<f,tp) meets all the requirements of Step 1. 

Case 2: sq = 2^yrd{l — b). 

In this case we have sq ~ ^ < 2\Jdr{\ — b), and hence we can use Proposition 2.1 of [2] 
to see that the problem 


(so — e)tp' — dtp" = rtp{l — b — tp) for x > 0 , V’(O) = 0 


has a unique positive solution, and it satishes 

tp{+oo) = 1 — 6 , ' 0 '(+oo) = 0 . 
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(Note that a simple change of variables can transform the above problem to the form 
considered in [2].) By fl2.6p . we have 

^o{Mi) < 1 - 6 . 

Hence we can hnd a large positive constant such that 


Set 


m : = 


d'o(Mi 


Ma := Ml - M°, ip{x) 


Clearly -0 is continuous in R, and 


d^o(a:), X > Ml, 

m'il){x — Ma), Ma < x < Mi, 
0, a; < Ma- 


> 0 for a; e (Ma, Mi) U (Mi, +oo), — 0) < + 0). 


Moreover, for x G (Ma, Mi), due to 0 < m < 1, we have 

(so — e)^)' — dip" < rip{l — ip — b). 


Therefore (I2.8p is satished (in the weak sense) by {(p^ip) for x > Ma. So in case 2, we 
have also constructed {p>,ip) that meets all the requirements of Step 1. 

Step 2 : Dehnition of {(p, ip) and completion of the proof. 

Set 


(po{x) = ip{x + M 2 ), 'po{x) ='p{x + M 2 ). 


Then consider the following auxiliary problems: 


\ (pt+ {sq - e)ip^ - = p{l-p- a'pQ{x)), f > 0, a; e R, 

[ V3(0,x) = <,Po(a;), X e R, 

{ Ipt + (so - e)'0a; - dip^^ = rip{l - ip - h(pQ{x)), f > 0, x > 0, 
ip{t, 0 ) = 0 , f > 0 , 

ip{0,x) = ipo{x), X > 0. 

From Step 1, we see that po is a strict supersolution of the corresponding elliptic 
problem of (I2.14p . It follows that pt < 0 for x G R and f > 0. Moreover, due to the 
monotonicity of Pq and ipQ, one may use the strong maximum principle to the equation 
for pxit, x) to deduce that pxit, x) < 0 for every f > 0 and x G R. 

Similarly, making use of (12.151) we obtain -01 > 0 for x > 0 and f > 0, and ipx{t, x) > 0 
for every f > 0 and x > 0. 

Dehne 

^(x) := p{l,x), ip{x) := ip{l,x). 

Then we have 

Jp(x) < Ifio(x), fix) > p(x), 


(2.14) 

(2.15) 


and 


(y9i(l,x)<0, lpt{l,x)>Q. 
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Let US also note that since 1 > </9o > 0 in R and 1 > -00 > 0 in (0, cxd), for every t > 0, we 
have 

(^(t, x) > 0 in R, 1 > 7 p{t, x) > 0 in (0, oo). 

Hence it follows from fl2.14l) and fl2.15p that (^,'0) satishes fl2.5p . Moreover, due to 
<,Po(+oo) = 0 and '0o(+oo) = 1, we further deduce 


(^(+co) = 0, i^(+oo) 


Finally we show that 


^{-oo) 

Let Uo{x) be the unique positive solution to 


1 . 


1 . 


—u" = u{l — u) for X < 0, m(0) = 0. 


Then mo(~oo) 


1 and Mo(x) < 0 for x < 0. Dehne 


Uo{x) 


Uo{x), X < 0, 
0, X > 0. 


Since = 1 and 'ipo{x) = 0 for x < 0, we easily see that uq is a subsolution of the 

corresponding elliptic problem of fl2.14p . It then follows from uq < (fQ that (p(t, x) > Uo{x) 
for all f > 0 and x G R. Hence we must have (p{t, —oo) = 1 for all t > 0. In particular, 
^(— cxd) = ip{l, —oo) = 1. Therefore (^,'0) ^ K. This completes the proof. □ 


Lemma 2.4. Problem fll.Qp has a solution for every s G [0,s*). 


Proof. Taking advantage of the order-preserving property of (ll.9p . we will hrst construct 
super- and subsolutions of fll.Qp . and then use them to obtain a solution. 

Step 1. Construction of 

Let ip(f) and be the unique positive solutions of 

-y," = (^(1 - y,) (V^ < 0), (^(0) = 0 


and 

—dt/j" = — fj) > 0 ), - 0 ( 0 ) = 0 , 

respectively. Then 


^'(0 < 0 (V ^ < 0), '0'(O > 0 (V ^ > 0), ^(-oo) = fj{oo) = 1. 

We extend (^(,^) and by the value 0 to >0 and .^ < 0, respectively. Since 
</9'(0“) < 0 = for each s > 0, we have (in the weak sense for ip), 

^gR, 

[^(-oo) = l, ^(oo) = 0, 

and 

J s'lf' — dif" > r'ijj{l — tf — bip), ^ > 0, 

|^(0) = 0, i/;(cx)) = 1. 

Step 2. Construction of {(p, ip) satisfying 
(2.16) p ^ p, Ip ^ 'ip- 
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For s G [0,s*), by the definition of s*, there exists ( 9 ?,'0) G K such that > s. 

Consequently, 

{ s(f' — Lp" > ip{l — (p — aip), <^' < 0, ■C £ 

5-0' — dll)" < r0(l — 0 — b<p), -0' > 0, > 0, 

0(— 00 ) = 1, (p{oo) = 0, 0(0) = 0, 0 ( 00 ) = 1. 

Now we prove fl2.16p . To prove p{^) < 0(0 in R, it is enough to show that this is true 

for .^ < 0 since <p(0 = 0 and 0(0 > 0 for .^ > 0. Since 0(0 = 0 and 0(0 < 0 for .^ < 0, 

we see that p and 0 satisfy 

r sO - O'< ^(1 - O, '^ < 0, 

< sp' - 0" > 0(1 - 0 - a0) = 0(1 - 0), ^ < 0, 

[^(-CX)) = 1 = 0(-CX)), OO)=O<0(O). 

In view of Lemma [2Tl we have p{C) ^ 0(0 ^ 0- Similarly, since 000 > 0 ^ 0; 

we have 


sip' — dip" > r0(l — 0), ^ > 0. 


Clearly, 


sip' — dip" < rip{l — Ip — bp) < rip{l — ip), ^ > 0. 


Thus the second inequality of fl2.16p is also satisfied. 

Step 3: Existence of a solution to fll.bp when s G [0,s*). 

Define x(0 = 1 for .^ > 0 and x(0 = 0 for .^ < 0. Let {p{t,^),q{t,^)) be the unique 
solution of 


(2.17) 


Pt - Pi^ + sp^ = 

= p{l — p — 

ax?). 

t 

> 

0, 

G R, 

qt - dq^^ + sq^ -- 

II 

1 

- bp), 

t 

> 

0, 

e>o. 

q{t,Q) 

= 0, 



t 

> 

0, 


p(o,0 

= 0(0, 



e 

G 

R, 


00,0 

= 0(0, 




> 

0. 



By the strong maximum principle, we have p(t, 0 > 0 t > 0, ^ G R and q{t,p,) > 0 for 

f > 0, ^ > 0. 

Moreover, in view of the differential inequalities satisfied by {p,ip), and the order¬ 
preserving property of competition systems, we also have that p(0O q(t,p,) are in¬ 
creasing and decreasing in t, respectively. 

Furthermore, due to the differential inequalities satisfied by {p,ip), and fl2.16p . by use 
of the comparison principle once again, we get that 


p{t, 0 < for t > 0, ^ G R; q{t, 0 > 0(0 for t, ^ > 0. 


Therefore, the limits 

lim p{t, 0 = p*{0, lim ?(0 0 = 000 

t^OO t^oo 

exist, and satisfy 

v ?(0 < V ?*(0 < 0(0 for ^ e 0(0 > 000 > 0(0 for ^ > 0 . 
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It follows that 

(2.18) </9*(-cx)) = 1, 93*(cx)) = 0, '0*(O) = 0, = 1- 

Moreover, upon setting = 0 for <0, it is easily seen that ( 93 *,-0*) satishes the 

differential equations in fll.9p . By the Hopf boundary lemma, we have 

(2.19) V^UO) > 0. 

It remains to show that < 0 (V.^ G M) and > 0 (V.^ > 0). Since (p' < Q 
and V'' > 0 , we may use the maximum principle to the cooperative system satished by 
(w^(^, 0 > 2 :(t, 0 ) := to conclude that 

< 0 (Vf > 0,V^ G M), gg(t,0 > 0 (Vf > 0,V^ > 0). 

It follows that 

p: < 0 (ve G M), iPi > 0 (ve > 0). 

Applying the strong maximum principle to the cooperative system satished by {—(p'^, V'O, 
we further obtain 

(p:(o<o(veeM), > 0 (ve > 0). 

Hence ((^*,-0*) is a solution of fll.9p . □ 

Lemma 2.5. For every s G [0,s*), fll.9p has a unique solution. 

Proof. Let (</?, V’) be an arbitrary solution of (II.9p . We shall prove that 

(2.20) ^(0 = V^*(0 (ve e M), m = MO (ve > 0), 

where {ip^,'f^) is the solution of fll.9p obtained in Step 3 of the proof of Lemma [ 2 ^ As 
before we take = ' 0 *(.^) = 0 for .^ < 0 . 

We are going to prove fl 2 . 20 p in four steps, involving a “sliding method” (see Steps 3 
and 4). 

Step 1. We show that 

(2.21) (p,(0 < (^(0 (Ve G M), M) < MO M > 0). 

The argument leading to (12.161) can be repeated here to yield 

^(0 < a( 0 (ve e M), M) < m M > 0 ), 

where {ip, fj) is given in Step 1 of the proof of Lemma YIM So the solution g(t, 0) 

of (I2.17P satishes 

p{t,0 < piO M > 0, G M), M) < Qii,0 M > 0, > 0), 

which clearly implies fl 2 . 2 ip . 

Step 2. Asymptotic expansions of (p{f) and as ^ +cx). 

A simple calculation shows that the hrst order ODE system satished by {ip, ip', tf, M 
has a critical point at (0,0,1,0), which is a saddle point. Therefore by standard stable 
manifold theory (see, e.g.. Theorem 4.1 and its proof in Chapter 13 of [3]), 

a( 0 —t 0 , 1 — 'if{0 0 exponentially as +cxd. 
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The equations satisfied by ip and w \= 1 — 'ip may be writen in the form 

ip” - Sip' - (a - l)ip + = 0, 

dw" — sw' — rw + rhip + e 2 {i)w = 0, 


( 2 . 22 ) 

where 


and 


ei(0 •= — ip(^) —)■ 0 exponentially as ^ +oo, 

^ 2(0 •= 0 exponentially as ^ +cx). 


Set 


s — + 4(a — 1) s + + 4(a — 1) 

7i := -;;-, 72 := -^-: 


and 


2 ^ ~ Vs^ + 4rd s + \/s 2 _j_ 

9[y) = -dy +sy + r, Ai =--, A 2 = 


Then define 


and 


71 ^Ai, 


9(71) 


2 d 


Ui := U2 := 


72 ^A2, 


2 d 


9(72) 


It is easily seen that 

ui := (Mi,ni), U2 := (^2,^2), U3 := (0,n3), U4 := (0,n4) 


= 


are linearly independent solutions of the linear system 

J u” — su' — (a — 1 )m = 0, 

\ dv" — sv' — rv -\- rbu = 0. 

We are now in a position to apply to the system fl2.22p Theorem 8.1 in Chapter 3 of [3] 
(for the case 71 7 ^ Ai and 72 7 ^ A 2 ), or a variant of this result (see Question 35 in Chapter 
3 of [3] or Theorem 13.1 in Chapter X of im, for the remaining cases), to conclude that 
fl2.22p has four linearly independent solutions Ui, i = 1,2, 3,4, satisfying 

Ui(0 = (1 + o(l))ui(0 as ^ +CX), i = 1, 2, 3,4. 

Since {ip,w) solves fl 2 . 22 p . there exist constants Cj, i = 1 , 2 , 3,4, such that 

4 

{ip,w) = ^QUi. 

i=l 

Since A 2 > 0, 72 > 0 and (p(+cx)) = r(;(+oo) = 0, we necessarily have 02 = 04 = 0. Using 
ipiO > 0 to(0 > 0 we deduce that oi > 0, and in the case 71 < Ai, we further have 
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C 3 > 0. We thus obtain, as ^ ^ + 00 , 


u;(0 = < 


cie'^i^(l + 0 ( 1 )), 



^ vh 

Cl e^i«(l + o(l)) 

^( 71 ) 

if 

7i > -^1 


if 

7i = -^1 

+ o{i)) 

if 

7i < -^1 


In other words, there exist positive constants and such that, as + 00 , 
(2.23) = + 


r 1 - C^eT'i«(l + 0 ( 1 )) if 7 i > Ai, 

(2.24) 1/^(0 = I 1 - + o(l)) if 7i = Ai, 

[ 1 - C'^e^i^(l + 0 ( 1 )) if 7 i < Ai. 

Step 3. We show the existence of some constant fco > 0 such that, for all k > ko, 

( 2 . 25 ) (p,(o > y^(e + k) (ve e M), i^(e +k)> mo (ve > o). 

Due to (p(+cx)) = 0, there exists fci > 0 such that </5*(0) > (p{k) for all k > ki. Denote 
Vk{0 — ^ 0■ Then and (p* satisfy 

s^p'k-Ok<^k{l-= '^<0, 

(Pfc(-cx)) = (p*(-oo) = 1) ^kO) = < (p*(0)- 

By Lemma 12.11 we deduce 

MO > MO M < 0). 

The expansion in Step 2 above also holds for V’*(0) namely, as ^ ^ +cx). 



1 

r l-C'*e'>'i«(l + o(l)) 

if 

7i > Ai 

(2.26) 

MO = \ 

l-C'*^eT'i«(l + o(l)) 

if 

7i = -^1 


1 

[ l-C'*e^i«(l + o(l)) 

if 

7i < Ai 


where C* > 0. In view of fl2.24l) and fl2.26l) . we can hnd ^0 3> 1 and ^2 > ki such that 

M + k2)>M0 M>0)- 

Since i/’(.^) is increasing, it follows that 

MO ■= ^(^ + k)> '0*(o (yk > ^2,> ^o). 

Hence for ^3 = ^2 + ^ 0 , we have 

^{,Mk)>M0 (Vfc >/C3,V^ > 0). 

By Step 2 we have, for ^ + 00 , 

(2.27) ~p.(() = C.e''Hl + 0 ( 1 )). ^(0 = + o(l)). 

with C* > 0 and > 0. Hence, there exist S> 1 and ko > k^ such that 

^*{0>v^iMk) (yk>koyMO)- 
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Therefore and satisfy 


V* - V'i = ^ > 0, 


Vfc - Vk = VkiX -Vk- a'lpk) < -^k- a'lp*), 

</3*(0) > V^fc(O), limsup < 1. 

^—>•00 


By Lemma 12.11 we deduce 


P>*{0 > ^kiO for all ^ > 0. 


Hence (I2.25I1 holds for k > ko. 

Step 4. Completion of the proof. 
Dehne 


e>o, 


k = inf{/co > 0 : + k) in M, + k) > in [0, 00 ), Vfc > ko}. 

Clearly k > 0 and 

V?*(0 > V?fc(0 = V?(^ +fc) in M, V'fc(0 ='0(^ +fc) >in [0,cx)). 

If A; = 0, the above inequalities and fl2.21l) imply ^ {^*,'4^*), as we wanted. 

Suppose that A: > 0. We are going to derive a contradiction. We observe that '^*(0 
and ^/Jk{^) satisfy 

si>l — dijj" = r'0*(l —-0* — 693*) < r'0*(l — i/’* — > 0, 

sip-k - di)-k = r'ipk{l-'ipk-hp>k), '^ > 0, 

-0^(0) = 0 < V'fc(O), 0*(oo) = V'fc(oo) = 1- 
By the strong maximum principle, we obtain 
(2.28) 0fc(O>'0*(O in [0,cx)). 

Similarly we can show that 


(2.29) 

Dehne 

Then 


</2fc(0 < <^^*(0 in ®- 

0 :=(p*-(Pfc, C, ■.= iJk - i’*- 

0(0 > 0 in M, C(O>0 in [0, cx)), 


and (0, 0 satishes 

s(j)' - 0" = acpkC - i^k + ^* + - 1)0, 'C £ 

s(' - dC" = rhip^cf) - r{iJk + 0* + bipj, - 1)C, ^ > 0, 
which can be rewritten in the form 

0" — s0' + (1 — a)(j) + ei(O0 + fo(0C = 0, 'C ^ 
dC" - sC - rC + rb(j) + 63(00 + e4(0C = 0, ^ > 0, 


(2.30) 
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where 

ei(0 : = a[l - ^*{0] “ ^kiO “ ^*(0, ^2(0 := 

hiO ■ = - 1], € 4(0 := r[2 - ^>^(0 - '0*(O] + b^PkiO- 

By our expansions in Step 2, we have 

ej(^) ^ 0 exponentially as ^ + 00 , i = 1, 2, 3,4. 

Therefore for the same reasons as in Step 2, we have, as ^ ^ +cx3, 

(2.31) 0(O = C'ie^^«(l + o(l)), 
and 

( C 2 e'^^^(l + 0 ( 1 )) if 7 i > Ai, 

(2.32) C(0 = I C'2ee'^^^(l + o(l)) if 7i = Ai, 

[ C 2 e^^^(l + 0 ( 1 )) if 7 i < Ai, 

where Ci,C '2 are positive constants. 

From fl2.27p and fl2.3ip . we obtain 

a = + Cl. 

Similarly, it follows from (I2.24p . (I2.26p and (I2.32p that 

C* = + C 2 , where a = maxjyi, Ai}. 

Therefore, there exists eo > 0 sufficiently small so that 

C* > c* > for all e G (0,eo]. 

In view of (I2.27p . (I2.24p and (I2.26p . these inequalities imply that, for all large say 
^ > M > 0, we have 

7^*(0 >^{^ + k-e), i/^*(0 < V’(^ + ^ - e) (Ve G (0, eo]). 

Since 

^*{0 > and < '4){i + k) for ^ G [0, M], 

by continuity, we can hnd ei G (0, eo] such that 

^*{0 >^{i + k- ei), i/^*(0 <'>p{i + k- ei) (V^ G [0, M]). 

We thus obtain 

(2.33) (p*(0 + ei), < i/’(^ + - ei) (V^ > 0). 

For ^ < 0, we can use Lemma [2T] and (p*(0) > (pfc_^j(0) to deduce 

(2.34) (^*(O>7^^-.i(O(Ve<0). 

In view of the monotonicity of (p and 'ip, and the dehnition of k, we deduce from fl2.33l) 
and fl2.34p that k < k — e^. This contradiction shows that k > 0 cannot happen, and the 
proof is complete. □ 


Lemma 2.6. For s > Sq, problem fll.91) has no solution, 
particular implies that s* = Sq. 


In view of Lemma \2.f 


this in 
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Proof. Suppose on the contrary that for some s > sq, fll.Qp has a solution By 

Proposition 11.21 for such an s, fll.7p also has a solution, which we denote by (<h, \1/). We 
are going to use the sliding method again to derive a contradiction. 

We hrst observe that and can be expanded near = +cxd in the form fl2.23p . 
while '0(0 cind tI/(0 can be expanded near = +cxd in the form fl2.24p . This, together 
with the fact that $'(0 < 0 and tI/'(0 > 0) implies the existence of some /cq > 0 such 
that 

$(e + O<0(O, ^(e + O>0(O, ve> 0 , k>k^. 

Clearly 

+ k) > 0 = -0(0 for C < 0. 

Now we prove that 

<h(^ + k) < for all e M and k > k^. 

We only need to show this for .^ < 0. Denote, for k > ko, 

d)fc(0 := <h(e + 0 and ;= d/(e + k); 

then 

(2.35) s<h'fc-$;' = <hfc(l-<hfc-aTfc) <<hfc(l-<hfc-a0), ^ e R, 

S0' — 0 " = 0(1 — 0 — 0-0), ^ € R, 

<hfc(-CX)) = 1 = 0(-CX)), <hfc(0) < 0(0). 

Applying Lemma [2T] we deduce $^(0 — 0(0 ia (—oo,0]. 

We are now able to dehne 

k* = inf{fco e R : <hfc(0 < 0(0 in R, '^kiO > 0(0 in [0, oo), V A; > ko}. 

We claim that k* = —oo. Otherwise, k* is hnite and we have, by continuity, 

<hfc*(O<0(O in K, ^fc*(O>0(O in [0,oo). 

We note that the inequality fl2.35p still holds for k = k*, and this inequality is strict for 
^ < 0 due to + k*) > 0 = -0(0 for such 0 Hence $^*(0 ^ 0(0) and by the strong 
maximum principle we obatin 

*^fc*(0 < 0(0 for a; e R. 

We now have 

r sT'fc. - dT'0 = rTfc*(l - ^ > 0, 

< 5-0' — d0" = r0(l — 0 — 60) < r0(l — 0 — b^k*), ^ > 0, 

[ Tfc.(O) > 0 = 0(0), Tfc.(+cx)) = 0(+cx)) = 1. 

It follows from Lemma 12.11 and the strong maximum principle that 

^fc‘(0 > 0(0 in [0,oo). 

We may now use the expansion of (0 — <hA;*, — 0) near = +cxd as in Step 4 of the 

proof of Lemma 12.51 to derive that 

$fc*_e(,^) < 0(0) 'hfc*-e(0 — 0(0 for all ^ G [0, +oo) and some small e > 0. 
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Since > 0 = ^’(0 ^ < 0, we see that fl2.35p holds for k = k* — e, and we can 

thus use Lemma O to deduce 

< 0(0 for ^ < 0. 

Due to the monotonicity of $ and 'L, we can now conclude that, for all k > k* — e, 

< ^(0 (ve e M), > m (ve > o). 

It follow that k* < k* — e. This contradiction proves our claim that k* = —oo. 

The fact k* = —oo implies that + k) > in [0, cx)) for all A; G M. Letting 
k —)■ —oo and using + A;) —)■ 0 as A; —)■ —oo we conclude that '^(^) < 0. This is a 
contradiction to the fact that (<,3, '0) is a solution of fll.Qp . This completes the proof of the 
lemma. □ 

Lemma 2.7. Let {(ps,'ips) denote the unique solution of fll.9p with s G [0,So). Then 
0 < Si < S 2 < sq implies 

(2.36) 0(^(0) > 0;(O), 0,00 > 0.00 (ve > 0), (^,00 < ¥^.00 (ve e M). 

Proof. To simplify the notations we denote ((pj,00 = ((p,.,0,0, A = 1,2. Similarly to the 
proof of (12.1611 we can show that 

^( 0 <‘A^ 2 ( 0 , VeeM; 02(0 <0(0, ve> 0 , 

where (</5,0) is given in Step 1 of the proof of Lemma 12.41 It is obvious that ( 922 , 02 ) 
satishes 

r S1O2 - <A ^2 >‘^’2(1 - (32 - a 02 ), ^ e M, 

\ Si0^ - d0^'< r02(l - 02 - ^ 9 ^ 2 ), ^>0. 

By the comparison principle we derive that the solution (p(A,0,^(00) of (I2.17P with 
s = Si satishes 

p(A,0<V?2(0, VA>0, ^gM; g(A,O>02(O, V A > 0, ^>0, 

which implies 

9^00 <9^2(0, V^gR; 000 >02(0, Ve>0, 

since p(A,0 PiiO ^rid q(t,^) —)■ 0i(0 as A ^ 00 (cf. Step 3 in the proof of Lemma [23] 
and the conclusion of Lemma [2.Sp . Furthermore, the strong maximum principle yields 

V^0O< 9^2(0, V^gR; 000 >02(0, Ve>0. 

We now consider ta := 0i — 02, which satishes 

S 2 w' — dw" > rw{l — 01 — 02 — ^ 922 ), w > 0 (V^ > 0 ); ta(0) = 0. 

By the Hopf boundary lemma, we deduce tc'(O) > 0, that is, 000) > 000). □ 

Lemma 2 . 8 . The operator s ^ ( 92 ^, 0 ,) is continuous from Sq) Ao Ooc(®)^0*Zoc([O,+oo))- 
Moreover, 

(2.37) 


hm,^,092„00 = (1,0) m x Ooc([0,+oo))- 













22 


Y. DU, M.X. WANG & M. ZHOU 


Proof. Let {sn} be an arbitrary sequence contained in [0, sq) satisfying lini„^.ooS„ = s E 
[0,so]. We first consider the case s < sq. We want to show that has a 

subsequence that converges to {ips, in C'/oc(®) ^ +cxd)). The required continuity 

of the map s i—)■ [ips.'f’s) is clearly a consequence of this conclusion. 

Fix e (s, So)- By passing to a subsequence we may assume that 0 < s„ < s^ for all 
77. > 1. We thus obtain, by Lemma [2.71 

Po < (V^ e M), -00 > > -0.1 (V^ > 0). 

By standard regularity and the Sobolev embedding theorem, we may assume that, 
subject to passing to a subsequence, 

in ClM) X ^^([0) +oo)) as n ^ CX). 

The Schauder theory then infers that the above convergence also holds in x 

Cfocii^, +cxd)). Moreover, solves fll.Qp with s = s, except that we only have p' < 0 

and fj' > 0. We note that the required asymptotic behavior of (pj'ip) at ^ = ±oo follows 
from 

P0<P < Psi, "00 > ^ > V'si- 

Applying the strong maximum principle to the system satisfied by {—p^fj'), we deduce 
(p' < 0 in M and > 0 in [0,+cx)). Thus (py'ip) is a solution of fll.Qp with s = s. 
By uniqueness, we necessarily have {p,'fi) = {ps^'^ps)- Clearly this implies the required 
continuity of the map s i—)■ {psT^ps). 

We next consider the case s = sq and prove fl2.37p . In this case we have 
Po <Psr,<l (V^ e M), ^p0 >^psr,>0 (V^ > 0). 

Hence we may repeat the above argument to conclude that, subject to passing to a 
subsequence, 

(7^°, V^°) in X +CX))) as n ^ CX). 

and {p^,'ip^) solves fll.Qp with s = sq, except that we only have 

{p^ <0,po<p^<l (ve e M); >0,'iPo>'ip°>0 (ve > 0). 

If -0° = 0, then p^ satishes 0 < po < p^ < 1 and 

-{py > (p0(l - (pO) for e e M. 

For large R > 1, let ur be the unique positive solution of 

—u" = u{l — u) in (—i?, i?), u{—R) = u{R) = 0. 

It is well known that (see m) 1 in as i? —>■ +oo. By Lemma 2.1 of [TT] . 

we have I > p^ > ur in [—R, R]. Letting i? —)■ oo we obtain (p° = 1, as we wanted. 

Next we show that y ^ 0 leads to a contradiction. In such a case, by monotonicity, 
we have '0 °(+cxd) G (0,1]. If 93°(+cxo) = 0, then from the differential equation for y we 
deduce y{+oo) = 1, and so (</9°,'0 °)(+cxd) = (0,1). Let ($ 0 ) ii'o) be a solution of fll.7p 
with s = Sq. Then we can repeat the sliding method in the proof of Lemma iTOl to deduce 
that 


V'°(0 < ^o(^ + fc) for ^ > 0, kE M. 
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Letting k —>■ —cxo we obtain < 0, which is a contradiction. 

If 99°(+oo) G (0,1], then from the differential equation for -0° necessarily 

V'°(+co) = 1 — 6 v9°(+oo) G (0,1). 

Hence 

(2.38) </9°(+cx)) > <I)o(+oo), '0°(+cx)) < \[^o(+oo). 

In such a case we may use the sliding method in the proof of Lemma 12.61 again (with 
obvious simplihcations because the comparison of (<p°, -0°) with (<ho(‘ + k), \[^o(' + k)) near 
^ = +00 can be carried out by (I2.38p now), to deduce < 0. So we also arrive at a 
contradiction. Thus only ((p°,'^°) = (1,0) is possible, which implies fl2.37p . The proof is 
complete. □ 

Lemma 2.9. For any /i > 0, there exists a unique s = G (0, Sq) such that 

(2.39) A'*t(0) = s„. 

Moreover, 

(2.40) Sa is strictly increasing and lim Sn = Sq. 

fj ,—^~|“00 

Proof. By Lemmas 12.71 and 12.81 for hxed /x > 0, the function ri^{s) := /xt/’((0) — s is 
continuous and strictly decreasing for s G [0,so)- By (12.371) . ri^{so — 0) = —sq < 0. 
Clearly ^^^^(O) = /x'0o(O) > 0. Therefore there exists a unique s = E (0,So) such that 
~ This proves the hrst part of the lemma. 

For hxed s G [0,so), is strictly increasing in /i. It follows that is strictly 

increasing in /i. Finally, for any e > 0 and s G [0, Sq —e], we have rj^is) > ri^{so — e) —)• +cx) 

as /i —)■ + 00 . It follows that sq — e < Sfj, < sq for all large fi. Clearly this implies 

iiiii/i—>-i-oo 'S/i sq. n 

Remark 2.10. Using the change of variables described in Section 1, which reduces fll.ll) 
to (II.5p . we can apply Theorem 11.31 to obtain a parallell result for the general case 

" sip' - d 2 p" = p{a 2 - b 2 'ip - C 2 p) (yp, G M), 

sfj' - difj" = ipyi - bif) - cip) (V^ > 0), 

^ 1 ^(_oo) = ^, (p'<0(VeGM), (p(+oo)=0, 

^ = 0 (V^ < 0), V'' > 0 (V^ > 0), fj{+oo) = f^, 

when (11.41) holds. Using the uniqueness of the semi-wave, it is easy to show that the 

unique value s = determined by 

hV’s(O) = s 

depends continuously on the parameters fi and a*, 6*, Cj, di, i = 1,2. This observation will 
be used in the next section. 
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3. Spreading speed 


In this section, we prove Theorem II.![ We always assnme that the conditions of Theo¬ 
rem o holds. We hrst prove 


Lemma 3.1. 
(3.1) 


hit) 

hmsnp-< s^. 

t—^ + OO t 


Proof. For clarity we divide the proof into two steps. 

Step 1. We show that for any given small 5 > 0 and large Tq > 0, there exist positive 
constants T and M snch that 


T > To, n(T, r) > 1 - 5 (WrPM). 
Choose a constant cxo satisfying 


0 < (To < liminf no(i’), 

r^ + CxD 

and then consider the anxiliary problem 

{ Wt — Wrr = — ic), t > 0, r > 0, 

tc = 0, t > 0, r = 0, 

w = ao, t = 0, r > 0. 

It is easily seen that the nniqne solntion of (13.2p has the property that 
lim w{t,r) = w^{r) locally nniformly in r G [0, -|-C)o), 

t^+oo 

where tc*(r) is the nniqne positive solntion of 

—w" = w^{l — w^) (r > 0 ), m;*( 0 )= 0 . 

Moreover, tc((r) > 0 and tc*(-|-cxo) = 1. Therefore we can find Mi > 0 and T > Tq snch 
that 

w{t, Ml) > w^Mi) -6/2>l-S (Vt > T). 

Applying the maximnm principle to the eqnation satisfied by drw(t,r), we dednce 
drw{t, r) > 0 for f > 0 and r > 0. It follows that 

r) > 1 — S (Vt > T, Vr > Mi). 

By the choice of ao, there exists M 2 > 0 snch that no(r) > (Tq for r > M 2 . Set 

M3 := max{M2, h{T)}. 

Then for t G [0,T] we have h{t) < M3, and hence v satisfies 

Vt — An = n(l — v) (0 < f < T, r > M 3 ), n(0,r) > (To (r > M 3 ). 


Define 

Then we have 

Wt — Wrr 


w(t, r) := w(t, r — M3). 


A- W 

Wr <Wt— Wrr 


w{l — w) (0 < f < T, r > M3). 


r 
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Since 

= 0 < v{t,M^) (yt > 0), w(0,r) = Uo < n(0,r) (Vr > M3), 
we can use the comparison principle to deduce 

v{t, r) > w{t, r) = w{t, r — M3) (VO < t <T, Vr > M3). 

Thus we may set 

M := Ml + M3, 


and obtain 

v{T, r) > w{T, r — M3) > w(T, Mi) >1 — 5 (Vr > M). 

This completes the proof of Step 1. 

Step 2. Proof of fl3.ip by the construction of a comparison triple {u{t,r),v{t,r), h{t)). 
By the comparison principle, we easily see that 


u{t^r)<U{t) (Vt > 0, Vr e [0, h(t)]), 
where U{t) is the unique solution of 

f/' = rl7(l-f/) (f >0), f/(0 ) = IImoIIoo. 

Since U{+oo) = 1, for any given small 5 > 0 we can hnd Tq > 0 such that 

U{t) <1 + 5 (Vt > To). 


It follows that 

u{t, r) < 1 + 5 (Vt > To, Vr e [0, h{t)]). 


By Step 1, we can hnd T > Tq and M > 0 such that 

r(T,r) >1-5 (Vr > M). 


We thus obtain 


(3.3) m(T, r) < 1 + 5 (Vr e [0, h(T)], r(T, r) > 1 - 5 (Vr > M). 

We now consider the auxiliary problem 

" sif' — if” = ip{l — 6 — (p — a-ifj) G M), 

^ sy - dy = ryi + 25 - - bp) (VC>0), 

p{—oo) = 1 — 5, p' < 0 y^ G M), 93(+cxo) = 0, 

^-0 = 0 (v.^ < 0), y > 0 y^ > o), ^jJ{+oo) = 1 + 25, 

Since a > 1 > b and 5 > 0 is small, by Remark 12.101 there exists a unique s = > 0 

such that for this value of s, fl3.4p has a unique solution {p^,y), and 

p{yy{ 0 ) = sl, Vimsl = s^. 

Using (p^(+cxo) = 0 and '0'^(+oo) = 1 + 25, we can hnd R > h(T) large so that 
(3.5) y{R-h{T))>l + 6 , p\R-M)< inf r(T,r). 

rG[0,M] 
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We now define 

hit) : = + R, 

M(t,r) : = 'ijj^ihit) — r), 
n(t,r) : = (p^{h{t) — r). 

Clearly /i(0) > /i(T) and 

= /i(V’'^)^(0) = —jjMrit, h{t)) (Vt > 0). 

Moreover, by fl3.3p and fl3.5l) we have 

m( 0, r) = -r)> il)\R - h{T)) > 1 + 5 > m(T, r) (Vr G [0, h(T)]), 

n(0, r) = — r) < V3'^(-R — M) < n(T, r) (Vr G [0, M]). 

For r > M, by fl3.3p . 

r(0, r) = (f^iR — r) < (f^(—oo) = 1 — S < v(T, r). 


Thus 


Furthermore, 


r(0, r) < r(T, r) (Vr > 0). 


Ut — dAu = — d{ifj^)" + d - {y’^y 

> r7p^{l + 26 — ijj^ — bif^) 

> ruil — u — bv). 


v,-Av = 

< — 6 — — a-ip^) 

< r(l — V — au). 


Finally we note that 

urit,o) = -{yj^ymt)) < 0, r^(t,o) = -{ip^ymt)) > o. 

Hence we can apply the comparison principle in [8] (see Lemma 2.6 and Remark 2.7 
there), to conclude that 

h{t + T) <h{t) (Vt > 0). 


It follows that 


Letting 5 —)■ 0 we obtain 


hit) r 
hmsup-< s^. 

t—)' + 0O t 

h{t) 

hmsup-< s^. 

t—>-+oo t 


□ 


Lemma 3.2. 

(3.6) liminf —^ > s^. 

^ ^ t^+oo t ~ ^ 
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To prove Lemma I3.2[ we will use solutions of the following problem 
" s(^' — if” = (^(1 + 5 — — aip) (V^ G M), 

^ s^p'- dxp” = r^p{l - 6 - - b^p) (V^ > 0 ), 

(p(—oo) = 1 + 5, p>' < 0 (V^ G M), (^(+oo) = 0, 

^ = 0 (V^ < 0 ), i 5 ' > 0 (V^ > 0 ), ^p{+oo) = 1-5, 

where 5 > 0 is small. By Remark 12.101 there exists a unique s = Sfj^ ,5 > 0 such that for 
this value of s, fl3.7p has a unique solution {ips,'ips), and 

/h5K0) = Si,,5, hms^,5 = s^. 

O—¥0 

However, unlike in the proof of Lemma [3.11 here we need to modify (ps first before we can 
use it and 'ips to construct suitable comparison functions to prove fl3.6p . 


Lemma 3.3. For every large > 0, there exist a constant a function 

Fs = +5,^0 ^ C'H®) that 

limsup [^i(^o) - ^o] < + 00 , Lp's <0, f>5> (fs (V^ e M), 

+ ^-1-00 

Fs = Fs (v^ < '^o), Fs = +5(6) > 0 (V^ > ^1), 

s(ps — f's ^ + 5(1 ~ Fs ~ ^ 'In the weak sense), 

sips - dip'f < rip 5 {l -ips- hips) (V^ > 0). 


Proof. Denote a := a(l — 5) — 5 and 

■= - 2 -• 

Then by standard ODE theory as used in the proofs of Lemmas 12.31 and 12.51 we have, 
similar to (I2.23p . 

(3.8) p>s{i) = Ooe^i^(l + 0 ( 1 )), p>'s{0 = C'o 7 ie'^i^(l + o(l)) as ^ +cx), 

for some Oq > 0 . 

Fix 7 > 0, with its value to be determined later, and define, for ^ 

+(0 := +< 5(0 + + 5 (^ 0 ) - 1 - 7(^ - ^ 0 )] • 

By fl3.8p we have, for large .^0 and ^ > ^ 0 , 

p'iO = p'siO + Psi^o) [ 76 "^^^"^“^ - 7 ] 

= Oo 7 ie^^^(l + 0 ( 1 )) + C'oe'^^^°(l + o(l)) - 7 ] 

= C'oe"i«° [7ie^^^ + 7(e^" - 1 )] (1 + o(l)). 


where 2 ; — .^o- Since 

the strictly increasing function 


7i < 0 < 7 , 


fiz) ;=7,e^i^ + 7(e^^-l) 

has a unique positive zero zq. It follows that, for all large ^ 0 , 

+ ^0 + 1 ) > 0 . 
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Due to (p'(^o) = ^’sUo) < 0 , there exists a unique = ^i(^o) ^ (^o,^o + 2:0 + 1 ) such that 

(^'( 0 <o(vee[eo, 6 )), +'( 6 ) = 0 . 

Dehne 

f + 5 ( 0 , ^<^ 0 , 

M 0 = ^ 5 ,U 0 -= { +( 0 , eo<e< 6 , 

[+(6), e>6- 

Then clearly (ps £ C'H®)) + 5 (^ 1 ) > + 5 (^ 1 ) > 0 ) cind 

limsup [^i(^o) - ^ 0 ] < 2:0 + 1 , ip's < 0 , ip 5 > (ps (V^ e M). 

5o^+oo 

Moreover, it is also easily seen that 

lim ~ +< 5 ||l°°(r) = 0 - 

5o^+oo 

Thus for all large .^O) 

s^j's - dlij's = r'lpsil -S -^Js - b(ps) 

< ripsil - i/Js - b(ps) (V^ e M). 

To complete the proof, it remains to show that, for every hxed large .^O; iii the weak 
sense, 

( 3 . 9 ) s(p's - ip's > ipsi)- - ips- a'lps) (V^ G M). 

Since ips is C^, it suffices to show the above inequality for ^ < ^O) ^ ^ (^O)^i) and ^ 
separately. 

For ^ < ^ 0 , fl 3 . 9 l) follows directly from fl 3 . 7 l) . Since 0-05 (+cxd) = a(l — 5 ) > 1 , we have 

1 - (ps - a-ips < 0 (V^ > ^ 1 ) 

provided that ^0 is large. Hence for every hxed large ^ 0 , 113 . 9 p holds for ^ > ^ 1 . 

We next consider the case ^ G (^o,^i)- Denote 

h (0 := - 1 - 7 (^ - ^o)- 

Then 

sf]' — rj" > —q2g7(?-+) ^ 

and hence, for ^ G (■CoiCi); 

- +" = sp>'s - ip's + iP5{io){sr]' - 11 ") 

= ips{l + 8 -ips- a^ips) + ip 5 {^o){sri' - rj") 

> ips{l - ips- aips) + Sips - ip5{^oh‘^e^^^~^°\ 

On the other hand, for such 

ip{l-ip- a^Js) = ips{l - ip- a-ips) + ips{io)r]{l - ip- a-ips) 

< ips{l -ips- a'ips) + y5(^o)h(l - a^<5) 

= 935(1 -ips- ai>s) - cTipsi^o)v + e( 0 + 5 ) 

where 

a := a(l - 5 ) - 1 , e (0 := ^^r/( 0 a(l - 5 - MO) ^ 0 
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uniformly for ^ G as +cxo. 

Therefore fl3.9p will hold for ^ G with large ^o, provided we can show that 

(3.10) (V^ e [^ 0 , 6 ]). 

By dM]), for i G [^o,^i] and large ^o, 

(p,(0 = + 0(1)), = Coe"i«°(l + 0(1)). 

Therefore (13.101) will hold for all large if for some (5o G (0, 5/2) and cxo G (0, a), we have 
_ ry-iffiii-io) + [e'^(«-«o) _ X _ _ ^q)] >0 (V^ G [^o, ^i])- 

We show next that this is the case if 7 > 0 is chosen sufficiently small. To this end, we 
consider the function 


g{z) = g^{z) := - 7^e^^ + uo (e"^^ - 1 - 72;). 

We claim that for small 7 > 0 , g^{z) > 0 for all z > 0. We calculate 

g'{z) = 5 oJie^^^ - 7^e^^ + 7ao(e'^^ - 1). 

Whenever 7^ < uo, clearly g'{z) is strictly increasing with 5f(0) < 0 and g{+oo) = +cx). 
Therefore there exists a unique z^ G ( 0 ,+00) such that g'{z^) = 0 and g{z) attains its 
minimum over [0, +cxo) at z = z.y. We show next that 

( 3 . 11 ) hmz.^ = +oo, hm7z.^ = 0 . 

7^-0 ^ 7-J.O ^ 

Indeed, for any small e > 0 , we easily see that 

g\e~^) 5o7ie^^"”' < 0, 7“^5''(7"^e) -)■ cro(e" - 1) > 0 as 7 -)■ 0. 

Therefore for all small 7 > 0 , 

e~^ < z^ < €7“^, 

which clearly implies ( 13 .lip . To complete our proof, it suffices to show that g{z^) > 0 for 
all small 7 > 0 . From g'{zy) = 0 we obtain 


= — rao7(e^"^ - 1) - 7=^e^^^l . 

l7i| 

Hence, by (13.lip and the elementary inequality > 1 + t (Vt > 0), 

g^z-y) = [c^o7(e'^''"' - 1) - + (^0 - 1 - 7 ^ 7 ) 

> ^ {cTo-f^z^ - - 7^6'^^^ 

= 7 " f 

VI 71 I l7i| 

> 0 for all small 7 > 0. 

The proof is now complete. 


□ 
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Proof of Lemma\S.^ For small 5 > 0, let be given by Lemma 1331 Let V{t) 

be the unique solution of 

V' = V{l-V), 1/(0) = lluolloo. 

Then a simple comparison consideration yields v{t,r) < V{t) for f > 0 and r > 0. Since 
limi_j,oo l/(f) = 1, we can hnd Tq > 0 such that 

v{t, r) <1 + - (Vt > To, Vr > 0). 

Choose To > 0 so that 

- 1 

{l + d)-—<S. 

Ko 

Then dehne 

h(t) : = — 5)t + To + 1, 

u(t,r) : = 'ips{h{t) -r), 
v{t,r) : = (p 5 {h{t) - r). 

Since ips{—oo) = 1 + 5, there exists Ti > h(0) such that 

T(0, r) = +5(4(0) - r) > 1 + - (Vr > Ti). 

Clearly we always have 

T(t, r) > +5(^1) > 0, u{t, r) <1-5. 

By our assumption that spreading of u happens, we can hnd T > Tq such that 
h{t) > Ti, u{t, r) > 1 — 5, v{t, r) < +5(^1) (Vt >T,\/r& [0, Ti]). 

Therefore we have 

h{T) > 4(0), u(T,r) > u{0,r) (Vr e [0,4(0)]), v{T,r) < T(0,r) (Vr > 0). 
Moreover, 

u{t, To) < 1 - 5 < u{t + T, To), v{t, To) > +5(^1) > u(f + T, To) (Vf > 0). 


Clearly 

4'(f) = - ^ < = p'4’s{o) = (Vt > 0 ). 

Finally, we have, for f > 0 and r G [To,4(^)); 


ILt ~ dlLrr ~ d 


N -I 


lLr~ I ~ 5 + d 


N -I 


- dAs 


< - d'lf's 

< - -05 - h(ps) 
= rM(l — u — hv), 









SEMI-WAVE AND SPREADING SPEED FOR THE COMPETITION MODEL 


31 


and for t > 0 and r > i?o, 


N-l_ 

Vt — Vrr - Vr 

r 



N-l\ 
r J 


^5 - 


> (ps{l -(fs- 
= t(1 — V — au). 

Therefore we can apply the comparison principle in [5] (namely Lemma 2.6 there with 
obvious modihcations) to obtain 


h{t) < h{t + T) (Vt > 0), 
u{t,r) < u{t + T,r) (Vt > 0, Vr G [Ro,h(t)]), 
v{t, r) > v{t + T, r) (Vt > 0, Vr > Rq). 


It follows that 

Letting 5 ^ 0, we obtain fl3.6p . 


lim inf 

't —^~ 1“00 


h{t) 

t 




□ 


Remark 3.4. Our proof of Theorem 11.11 above also provides the following estimates for 
u and v: 


u{t,r) > Mh{t -T)-r) (Vt > T, Vr e [0, h(t - T)]), 

■u(t, r) < — T)—r) (Vt > T, E [0, h{t)]), 

r(t, r) > — T) — r) (Vt > T, \/r E [0, +cxd)), 

v{t, r) < (pi{h{t — T) — r) (\/t > T, \fr E [0, +cxd)). 

Remark 3.5. If fll.6p is not satisfied in Theorem 11.11 then it is not difficult to find 
examples of Tq > 0 such that spreading of u happens and limj^+oo/i(t)/t = > s^, 

where is the spreading speed of a single species free boundary problem, obtained by 
letting r = 0 in (11.51) . We leave the detailed construction of such examples to the interested 
reader. 
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